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Let A be an arrangement of n lines in the plans. Suppose that F,, . . . , F, are faces of A 
and that V,, . . . , V, are vertices of A. Suppose also that each 6 is a t(F,)-gon and that t(Vi) of 
the lines of A intersect at Vi. Then we show that 
i t(Fi)+ t t(Vj)sn+4 1 + ,l +h. 
i=l j=l 0 0 
Further, equality is possible if and only if n z a(;)+(g) + 2rs. 
An arrangement of lines is merely a finite set of lines in the plane. The only 
apriori assumptions that we make is that the lines are not all mutually parallel and 
that there is no point in the plane through which all of the lines pass. A face of an 
arrangement is one of the polygoral components of its complement in the plane 
and a vertex of an arrangement is the point of intersection of two or more of its 
lines. If F is a face of an arrangement, we denote by t(F) the number of lines of 
the arrangement contributing edges TV its boundary. For a vertex V, we denote by 
t(V) the number of lines of the arrangement which have V as their common point 
of intersection. 
In 1969, R. J. Canham [l] showed that if F,, . . . , F, are faces of an arrange- 
ment of n lines, then 
to t Fi <n+4 r 
i=l 0 2 l (1) 
He further showed that equality is possible in (1) for any n with n 2 4(i) by 
constructing a family of examples which give equality. 
In 1972, B. Griinbaum [2] noted that a proof similar to the one employed by 
Canham could be used to show that if V,, . . . , V, are vertices in an arrangement 
of n lines, then 
t( 1 t Vj Qz+ s 
j=l 0 2 - 
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Griinbaum did not mention it, but the ideas of Canham’s examples may be used 
to show that equality is possible in (2) whenever n 2 (i). 
The question n: turally arises as to wheth,-s it is possible to have equality in 
both (1) and (2) for the same arrangement of n lines. The answer to that question 
is no. So, one is led to ask what the corresponding inequality should be if r faces 
and 9; vertices from the same arrangement are considered. 
Before proceeding to answer this question, we need to make note of three 
things. First, since no arrangement of five lines contains two pentagons, it is 
possible to deduce that if Fi and Fh are distinct faces, then at most four lines of an 
arrangement are counted in both t(Fi) and t(Fh). Similarly, since two points 
determine a unique line, at most one line is counted in both t(y) and t(V,J for 
two distinct ~erfices Vj and V,. Finally, since three edges of a polygon cannot be 
mutually parallel, one may deduce that at most two lines may be counted in both 
t(Fi) ,and t( Vi) for a face Fi and vertex Vj. 
Theorem. Zf ,4 is an arrangement of n lines having F,, . . . , F, among its faces and 
V 1, . . . , y$ among its vertices, then 
i t(F,)+ i t(Y)<n+4 ; + ; +2rs. 
i=l j=l 0 0 
(3) 
Roof, For 1 s is r, let Ai be the subset of the lines of A which contribute to 
t(h). Further, for 1 si s S, let A,+j be the subset of the lines of A which intersect 
at Vj and SO contribute to t( Vj). We then have r+ s subsets A,, . . . , A,,, of A 
and if we denote the cardinality of a set with absolute value signs as is customary 
it follows that 
na GAP 3 r IA,I-C lAinAil. 
I I p=l p=l iCj 
But, from the remarks above it follows that 
C IAinAjIc4 2’ + l +~vs. 
i<j 0 0 
The result now follows by combining (4) and (5) and observing that 
rts 





because of the way in which the Ap wf:re chosen. 
To show that equality is possible in (3), we will produce a construction which 
gives equality when n is sufficiently large with respect o r and s. But first, let us 
examine the proof to see what equality in (3) implies about the arrangement and 
the cLsen vertices and faces. Equality in (3) means that equality must hold in 
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each of the inequalities in (4) and (5). Equality in the first inequality of (4) means 
that every line of A is in some Ap, while equality in the second inequality of (4) 
means that no line of A is in more than two of the Ap. Equality in (5), on the 
other hand, means that each pair of the chosen faces has four of the lines of A in 
common, each pair of vertices has one line in common, and each face has two 
lines in common with each vertex. Putting all of this together, we may conclude 
that equality is only possible in (3) when 
2nan+4 i + l +2rs. 
0 0 
In other words, it is necessary to have 
nZ=4 0 0 r + s +2rs 2 2 
if we are to have equality in (3). 
The construction to show that equality is actually possible in (3) whenever 
n24 0 0 r + s +2rs 2 2 
proceeds as follows. Take r + s points P1, . . . , P,,, evenly spaced around a circle. 
Draw small circles with centers at each of the first r points P1, . . . , Pr. The radii of 
these small circles should be small enough so that several things happen. First 
each small circle should enclose only the Pi at its center. Also, any common 
tangent o any pair of small circles should be entirely disjoint from each of the 
other small circles. We also want these radii small enough so that none of the lines 
connecting the remaining s points P,+1, . . . , Pr+s intersects any of the small circles 
and no tangent from one of these s points to one of the small circles intersects any 
of the other small circles. For each of the r small circles, draw its four common 
tangents to each of the other small circles. For each of the s points not inside a 
small circle, draw the two tangents to each of the small circles and the line 
determined by it and each of the other points not the center of a small circle. 
Each of the small circles is now circumscribed by a [4( r - 1) + 2s]-gon and each of 
the points P,+l, . . . , P,,, has r + s - 1 lines through it. If the circles are ignored, 
this results in an arrangement of 
S 
42 2 0 0 r+ +2rs 
lines having r faces and s vertices of total multiplicity 2n and is an example of 
equality in (3). Clearly, it is possible to add additional ines which pass through 
exactly one of P,,, 1, . . . 5 P,,, and miss all of the small circles so that equality in (3) 
is possible whenever 
‘r 
n24, + Ll 0 ’ +2rs. 2 
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Fig. 1. This arrangement contains 13 lines and has two faces (F,, F2) of size 8 and two vertices 
(V,, Vt) of size 5. Thus t(F,) + t(F&+ I( V,) + t( V-J = 26, which is an example of equality in our main 
result. 
In closing, we would like to make several remarks. First, Canham’s proof of (1) 
may be adapted to prove our result even though it is more complicated than the 
proof given here. In fact, such an adaptation was the first proof that we managed 
to devise for our result. On the other hand, the proof given here may also be 
applied to both (1) and (2) giving these results, which are just special cases of our 
result, much shorter proofs than the ones that have thus far appeared in print. 
Also, our remarks about equality also apply to both of the previous results o that 
equality in (1) and (2) is actually only possible in the cases where it had already 
been shown to be possible. Finally, we have given considerable thought as to what 
the corresponding inequalities hould be when yt is not large enough in relation to 
f and s so as to allow equality in (3). But, we have not been able to come up with 
VIY significant improvements to the inzguality of (3) for these cases. 
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